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Abstract

Let Gi(V) be the k-Grassmannian of a vector space V with dim V' = n.
Given a hyperplane H of Gi(V'), we define in [3] a point-line subgeometry of
PG(V) called the geometry of poles of H. In the present paper, exploiting the
classification of alternating trilinear forms in low dimension, we characterize
the possible geometries of poles arising for £ = 3 and n < 7 and propose some
new constructions. We also extend a result of [6] regarding the existence of
line spreads of PG(5,K) arising from hyperplanes of G3(V).
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1 Introduction

Denote by V' a n-dimensional vector space over a field K. For any fixed 1 < k <n
the k-Grassmannian G (V') of V' is the point-line geometry whose points are the
k—dimensional vector subspaces of V' and whose lines are the sets fy z :={X : Y C
X C Z, dim X = k} where Y and Z are subspaces of V with Y C Z, dimY = k—1
and dim Z = k + 1. Incidence is containment.

It is well known that the geometry Gi (V') affords a full projective embedding,
called Grassmann (or Pliicker) embedding and denoted by e, sending every k-
subspace (v1,...,v) of V to the point [vy A - Awvg] of PG(AF V), where we adopt
the notation [u] to refer to the projective point represented by the vector u. Also,
for X CV we put [X] := {[z] : x € (X)} for the points of the projective space
induced by (X).

A hyperplane H of G, (V) is a proper subspace of G,(V') such that any line of
Gr(V) is either contained in H or it intersects H in just one point.



It is well known, see Shult [13] and also Havlicek [10], Havlicek and Zanella
[11] and De Bruyn [5], that the hyperplanes of G,(V') all arise from the Plicker
embedding of G,(V) in PG(A" V), i.e. they bijectively correspond to proportionality
classes of non-zero linear functionals on /\k V. More in detail, for any hyperplane H
of G¢ (V') there is a non-null linear functional i on A* V such that H = &;*([ker(h)]N
ex(Ge(V))). Equivalently, if x, : V' x ... x V — K is the alternating k-linear form
on V associated to the linear functional h, defined by the clause x,(vy, ..., vg) :=
h(vy A -+ Awvg), then the hyperplane H is the set of the k-subspaces of V' where
Xn identically vanishes. So, the hyperplanes of G, (V') bijectively correspond also to
proportionality classes of non-trivial alternating k-linear forms of V.

In a recent paper [3] we introduced the notion of i-radical of a hyperplane H
of Gr(V). In the present work we shall just consider the case of the lower radical
Ry (H), for i = 1, and that of the upper radical R'(H), for i = k — 1. The lower
radical R (H) of H is the set of points [p] € PG(V') such that all k-spaces X with
p € X belong to H; the upper radical RT(H) of H is the set of (k — 1)-subspaces
Y of V such that all k-spaces through Y belong to H.

In the same paper [3] we investigated the problem of determining under which
conditions the upper radical of a given hyperplane might be empty. Working in
the case k = 3, we also defined a point-line subgeometry P(H) = (P(H), R'(H))
of PG(V) called the geometry of poles of H, whose points are called H-poles, a
point [p] € P(H) and a line ¢ € RT(H) being incident when p € £ (see Section 1.1).
Some aspects of this geometry had already been studied, under slightly different
settings, in [6,7]. It has been shown in [6] that the set P(H) is actually either
PG(V) or an algebraic hypersurface in PG(V'); for more details see Section 1.1.

In this paper we shall focus on the geometry P(H), providing explicit equations
for its points and lines and also a geometric description in the cases where a
complete classification of trilinear forms on a vector space V' is available, namely
dim(V') < 6 with K arbitrary (see [12]) and dim(V') = 7 with K a perfect field with
cohomological dimension at most 1 (see [4]).

We shall briefly recall the definition of geometry of poles in the next section
and we will state our main results in Section 1.2. The organization of the paper is
outlined in Section 1.3.

1.1 The geometry of poles

Assume k = 3 and let H be a given hyperplane of G3(V'). For any (possibly empty)
projective space [X] we shall denote by dim(X) the vector dimension of X.

Let [p] be a point of PG(V') and consider the point-line geometry S,(H) having
as points, the set of lines of PG(V') through [p] and as lines, the set of planes [r]
of PG(V) through [p] with = € H. It is easy to see (see [3]) that S,(H) is a polar



space of symplectic type (possibly a trivial one). Let R,(H) := Rad (S,(H)) be
the radical of S,(H) and put §(p) := dim(Rad (S,(H))).

We call d(p) the degree of [p] (relative to H). If 6(p) = 0 then we say that [p] is
smooth, otherwise we call [p] a pole of H or, also, a H-pole for short. Clearly, a
point is a pole if and only if it belongs to a line of the upper radical RT(H) of H.
So, R'(H) = () if and only if all points are smooth.

As the vector space underlying the symplectic polar space S,(H) has dimension
n — 1, §(p) is even when n is odd and it is odd if n is even. In particular, when n
is even all the points are poles of degree at least 1. If they all have degree 1, then
we say that H is spread-like.

We shall provide in Theorem 2 a direct geometric proof of the result of [3,
Theorem 4], stating that for n = 6 there are spread-like hyperplanes if and only
if the field K is not quadratically closed, extending a result of [7]; this is also
implicit in the classification of [12]; observe that for n = 8 we prove in [3] that for
quasi-algebraically closed fields there are no spread-like hyperplanes.

More in general, when all points of PG(V') are poles of the same degree ¢ and
(0+1)|n, the set {7, : [p] € PG(V)} of all subspaces 7, := {[u] € [(] :p € ¢ and { €
RTY(H)} as [p] varies in PG(V) might in some case possibly be a spread of PG(V)
in spaces of projective dimension §. We are not currently aware of any case where
this happens for 6 > 1 and we propose this as a problem which might be worthy of
further investigation.

1.2 Main results

Before stating our main results we need to fix a terminology for linear functionals
on /\3V and to recall what is currently known from the literature regarding
their classification. As already pointed out, a classification of alternating trilinear
forms of V' would determine a classification of the geometries of poles defined by
hyperplanes of G3(V').

We will first introduce the notion of isomorphism for hyperplanes and the
notions of equivalence, near equivalence and geometrical equivalence for k-linear
forms in general.

We say that two hyperplanes H and H' of Gy (V') are isomorphic, and we write
H = H' when H' = g(H) = {g(X)}xen for some g € GL(V), where g(X) is
the natural action of g on the subspace X, ie. ¢g(X) = (g(v1),...,9(vg)) for
X =(v1,...,08).

Recall that two alternating k-linear forms y and y’ on V are said to be (linearly)
equivalent when

V(. m) = X9, g(@), V... a €V



for some g € GL(V). Accordingly, if H and H' are the hyperplanes associated to
x and X/, we have H = H’ if and only if y’ is proportional to a form equivalent to
x. Note that if x’ = X - x for a scalar A # 0 then y and Y’ are equivalent if and
only if A is a k-th power in K.

We say that two forms x and x’ are nearly equivalent, and we write y ~ x/,
when each of them is equivalent to a non-zero scalar multiple of the other. Hence
H = H' if and only if y ~ .

We extend the above terminology to linear functionals of /\k V' in a natural
way, saying that two linear functionals h, h' € ( /\k V)* are nearly equivalent and
writing h ~ h’ when their corresponding k-alternating forms are nearly equivalent.

We say that two hyperplanes H and H' are geometrically equivalent if the
incidence graphs of their geometries of poles are isomorphic; the forms defining
geometrically equivalent hyperplanes are called geometrically equivalent as well.

Note that nearly equivalent forms are always geometrically equivalent but the
converse does not hold in general. For example, let V' be a vector space over a field
K which is not quadratically closed and suppose dim(V) = 6. To any quadratic
extension of K there correspond a Desarguesian line-spread S of PG(V'), and the
geometry (PG(V),S) is a geometry of poles associated to a trilinear form. All
hyperplanes inducing line-spreads are geometrically equivalent. If K is a finite
field or K = R, it is easy to see that the hyperplanes inducing & must also be
isomorphic. However, this is not the case when K = Q or when K is a field of
characteristic 2 which is not perfect. In particular, in the latter case hyperplanes
arising from forms of type T1%,))\ and Tfi&, see Table 1, are geometrically equivalent
but not isomorphic.

Clearly, nearly equivalent or isomorphic hyperplanes are always geometrically
equivalent.

1.2.1 Types for linear functionals of A’V

Given a non-trivial linear functional h € (A*V)*, let y, and H, be respectively
the alternating trilinear form and the hyperplane of G3(V') associated to it. When
no ambiguity might arise, we shall feel free to drop the subscript A in our notation.

By definition, R;(H) = [Rad(x)], where Rad(x) = {v € V: x(z,y,v) =
0,Vz,y € V}. Define the rank of h as rank (h) := cody(Rad (x)) = dim(V /Rad (x)).
Obviously, functionals of different rank can never be nearly equivalent.

It is known that if A is a non-trivial trilinear form, then rank (h) > 3 and
rank (h) # 4 (see [3, Proposition 19] for the latter result).

Fix now a basis E := (e;)’; of V. The dual basis of F in V* is E* :=
(€', where ¢’ € V* is the linear functional such that €’(e;) = d;; (Kronecker
symbol). The set (€' A e/ A €*)1<icjcren is the basis of (\*V)* dual of the basis
(€i A\ ej A ex)i<icj<k<n Of /\3 V' canonically associated to E. We shall adopt the
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convention of writing ¢jk for e’ A el A€, thus representing linear functionals of

/\3 V' as linear combinations of symbols like 7jk.

In Table 1, see Appendix A, we list a number of possible types of linear
functionals of /\3 V' of rank at most 7, denoted by the symbols T}, ..., Ty and Tl(é’)/\,
T 1(37))\, Tl(ll’))\ and T’ 1(127))\, Tis,, where A is a scalar subject to the conditions specified
in the table. Whenever T is one of the types of Table 1, we say that h € (A*V)*
is of type T if h is nearly equivalent to the linear functional described at row T'
of Table 1. The type of Hy or xj, is the type of h. By definition, functionals of
the same type are nearly equivalent. Note that the definitions of each of these
types make sense for any n and for any field K, provided that n is not smaller than
the rank of (a linear functional admitting) that description and that K contains
elements satisfying the special conditions there outlined.

In particular, Table 1 provides a complete classification (up to equivalence) in
the case of perfect fields of cohomological dimension at most 1 and dim(V) < 7,
see [4,12]. We recall that in [4] the authors also determine the full automorphism
group associated to each form.

It is well known that a general classification of trilinear forms up to equivalence
is hopeless; for instance for K = C and n = 9 there are infinite families of linearly
inequivalent trilinear forms; see e.g. [6].

When n < 6, Revoy [12] proves that all trilinear forms, up to equivalence,

are of type T;, 1 < i < 4, Tl(é?/\, Tl(g?/\. In particular, if the field is quadratically

closed, all forms of rank 6 are either of type T3 or of type Tj. If the field is not
quadratically closed, it is possible to distinguish two families of classes of forms
linearly equivalent among themselves according as they are equivalent to 75 or to T}
over the quadratic closure K= of K. More in detail, if char (K) is odd, T 1%7))\ = T1(§,)>\

and each form of a type in T1%,)>\ is equivalent to Ty over K°. If char (K) = 2, then

the classes Tl(oz)/\ and T1%),\ are in correspondence with respectively the separable

and the inseparable quadratic extensions of the field K; furthermore, any form of a
type in Tl(g?/\ is equivalent to a form of type T3 in K", while any form of type Tl(é?)\
is equivalent in K" to a form of type 7T}.

If n =7 and K is a perfect field of cohomological dimension at most 1, Cohen
and Helmick [4] show that all trilinear forms, up to equivalence, are of a type
described in Table 1.

Under the conditions of Table 1, we shall provide a classification for the
geometries of poles.

We now present our main results; for the notions of extension, expansion and
block decomposition as well as some of the notation, see Section 3. By the symbol
|z, y|;; we mean the (7, j)-Pliicker coordinate of the line [z, y] spanned by the vectors
x = (z;), and y = (y;)!, written in coordinates with respect to the basis FE,



ie. |z,yli; == z;y; — x;y; is the ij-coordinate of e; A e; with respect to the basis

(ei A ej)i<icj<n:

Theorem 1. Suppose dim(V') < 6 and let h be a non-trivial linear functional on
/\3 V' having type as described in Table 1, with associated alternating trilinear form
X- Denote by H the hyperplane of G3(V') defined by h. Then one of the following

occurs:

1. h has type Ty (rank 3). In this case H is the trivial hyperplane centered
at Rad (x) and RT(H) is the set of the lines of PG(V') that meet [Rad ()]

non-trivially.

2. h has type Ty (rank 5), namely Rad (x) is 1-dimensional. In this case H is
a trivial extension Extrad () (Exp(Ho)) of a symplectic hyperplane Exp(H,),
constructed in a complement Vi of Rad (x) in V starting from the line-set Hy
of a symplectic generalized quadrangle. The elements of RT(H) are the lines of

PG(V') that either belong to Hy or pass through the point [Rad (x)] = R (H)
or such that their projection onto Vi is in Hy.

3. h has type T3 (rank 6). Then H is a decomposable hyperplane Dec(Hy, Hy)
arising form the hyperplanes Hy and Hy of G3(Vo) and G3(V1) for a suitable
decomposition V = Vo & Vi with dim(Vy) = dim(V;) = 3. Then R'(H) =
{lz,yl: 2 € Y\ {0}, y € Vi \{0}}.

4. h has type Ty (rank 6). Then R'(H) = {[x,y] = [a+b,w(a)]: a € V,\{0},b €
ViYU{[z,y] € Vi} for a decomposition V = Vo@& V) with dim (V) = dim(V;) =
3 and w an isomorphism of V interchanging Vi and V;.

5. h has type Tl%’))\ or Tl(g,))\ (rank 6). Then R'(H) is a Desarguesian line spread
of PG(V) corresponding to the field extension K[u] with u a root of px(t).

Theorem 2. Let V := V(6,K). Line-spreads of PG(V') induced by hyperplanes of
G3(V) exist if and only if K is a non-quadratically closed field.

Draisma and Shaw prove that when K is a finite field there always exist
hyperplanes of G3(V') with dim V' = 6 having a Desarguesian spread as upper radical
[7, §3.1 and §3.2], while these hyperplanes do not exist when K is algebraically
closed with characteristic 0, [7, Remark 9].

Our Theorem 2 generalizes their results to arbitrary fields K and provides
necessary and sufficient conditions for the existence of spread-like hyperplanes for
n = 6; its statement correspond to Theorem 20, point 5 in [3] (and also to Theorem
4 in [3]).

It also further clarifies the result of [12] linking the forms Tl(é? , With quadratic
extensions of the field K.



Theorem 3. Suppose dim(V') =7 and let h be a non-trivial linear functional on

/\3

V' having type as described in Table 1. Denote by x the associated alternating

trilinear form and by H the hyperplane of G3(V') defined by h.

If rank (h) < 6 then H is a trivial extension Extraan)(H') where H' is a

hyperplane of G5(V') with V' = Rad (h) ® V', dim(V") < 6, and H' is defined by a

trilinear form h' of type as in Theorem 1.

1)

2)

3)

4)

5)

6)

If rank (h) = 7 then one of the following occurs:

h has type Ts. Then, there are two non-degenerate symplectic polar spaces S;
and Sz, embedded as distinct hyperplanes in PG(V') such that both determine
the same polar space Sy on their intersection. The radical of Sy is a point,
say po. There are also two totally isotropic planes Ay and Ay of Sy such that
Ay N Ay ={po}. The poles of H are the points of S; U Sa, the poles of degree 4
being the points of A1 U Ay. The lines of P(H) are the totally isotropic lines of
S; that meet A; non-trivially, fori=1,2.

h has type Ts. The poles of H lie in a hyperplane S of PG(V'). A non-degenerate
polar space of symplectic type is defined in S and a totally isotropic plane A of
S is given. The lines of P(H) are the totally isotropic lines of S that meet A
non-trivially. The points of A are the poles of H of degree 4.

h has type Ty. The poles of H are the points of a cone of PG(V) having as
vertex a plane A and as basis a hyperbolic quadric Q. A conic C is given in A
such that the elements of C are the poles of degree 4. There is a correspondence
mapping each point [x] € C to a line ¢, contained in a regulus of Q. For each
[z] € C it is possible to define a line spread S, of (A, l,)/(x) = PG(3,K) such
that R"(H) = {¢ C (x,s) : [v] € C,s € S,.}.

h has type Ts. In this case H = Exp(Hy) is a symplectic hyperplane. In
particular, the geometry P(H) is a non-degenerate polar space of symplectic
type and rank 3, naturally embedded in a hyperplane [Vy| of PG(V'). All poles
of H have degree 4.

h has type Ty. Then P(H) is a split-Cayley hexagon naturally embedded in a
non-singular quadric of PG(V'). All poles of H have degree 2.

h has type Tﬁ),w it = 1,2. The poles of H are the points of a subspace S

of codimension 2 in V. There is only one point [p| € S which is a pole of
degree 4. Furthermore, there is a line-spread F of S/(p) = PG(3,K) such that
RY(H):={(C [mp]: 7€ F}.

Theorems 1 and 3 correspond to Theorems 20 and 21 of [3], where they were

presented without a detailed proof. In the present paper we have chosen to refine the
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results announced [3], by providing a fully geometric description of the geometries
of poles arising for n < 7, without having to recourse to coordinates. In any case,
the original statements for cases 3,5 and 7 of [3, Theorem 21| can be immediately
deduced from Theorem 3 in light of the equations of Table 5.

1.3 Organization of the paper

In Section 2 we shall explain how to algebraically describe points and lines of
a geometry of poles. Draisma and Shaw [6] have shown that either the set of
H-poles is all of PG(V) or it determines an algebraic hypersurface in PG(V)
described by an equation of degree (n — 3)/2. In Section 2 we shall study such
varieties. In particular, in Section 2.2 we shall explicitly determine their equations
as determinantal varieties and in Section 2.3 describe some hyperplanes whose
variety of poles is reducible in the product of distinct linear factors. In Section 3 we
will present three families of hyperplanes of G,.(V') obtained by eztension, expansion
and block decomposable construction. Our main theorems will be proved in Section 4.
For the ease of the reader, all the tables are collected in Appendix A.

2 (Geometry of poles

Throughout this section we take E = (e;)1<i<, as a given basis of V and the
coordinates of vectors of V' will be given with respect to E.

2.1 Determination of points and lines

Let h: /\3 V' — K be a linear functional associated to a given hyperplane H of
G3(V), where V' is a n-dimensional vector space over a field K.
For any u € V' consider the bilinear alternating form

hy: V/(u) x V/{u) = K, hy(x+ (u),y+ (w) :=h(uAzAy).

By definition of H-pole, a point [u] € PG(V) is a H-pole if and only if the radical
of h, is not trivial. Consider also the bilinear alternating form on V'

Xu: VXV =K, xu(z,y) = h(urzAy) =a" My (1)

where M, is the matrix associated to y, with respect to the basis E of V. Clearly,
Rad (h,) = (Rad (x4))/(u); thus the rank of the matrix of h, with respect to any
basis of V' /(u) and the rank of the matrix M, are exactly the same.

Proposition 2.1. Let [u] be a point of PG(V') with u = (u;)!, and let M, be the
n X n-matriz associated to the alternating bilinear form x,. If u; # 0 then the i-th
column (row) of M, is a linear combination of the other columns (rows) of M,.
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Proof. Denote by C4,...C, the columns of the matrix M, and let x = (z;)}_; and
u = (u;)" . Let M be the (n—1) x (n— 1)-submatrix of M, obtained by deleting
its i-th column and i-th row. For any = € V, the condition ¥ M,u = 0 is equivalent

to
(" Cug + (27 - Cy)ug + -+ (27 - Cuy + -+ + (27 - Cp)u, = 0,

T I n . . .
where z' - C; = ijl xjcj; with C; = (cﬂ)?zl. Since u; # 0, we have

@ )2 4 (@7 C) 22T Gt (@ ) =0,
Le. u U
wT_(_l'Cl+...+C’i+..._|_u_"‘Cn):0_

The previous condition holds for any x € V, hence

n

u .
Ci=— -10;.
' Z Uj !
j=1
i
As M, is antisymmetric, the same argument can be applied also to the i-th row
of M,. O

The following corollaries are straightforward.
Corollary 2.2. rank (M) <n — 1.
Corollary 2.3. The point [u] is a H-pole if and only if rank (M,) < n — 2.

Note that the matrix M, is antisymmetric; hence its rank must be an even
number. By Corollary 2.3 it is clear that if n is even then every point of PG(V)
is a H-pole and this holds for any hyperplane H of G3(V'). More precisely, the
degree of the point [u] is d(u) = (n — 1) — rank (M,,). So, it is straightforward
to see that the set of all the H-poles of degree at least ¢ is either the whole
of PG(V) or the determinantal variety of PG(V) described by the condition
rank (M,) < (n—1) —t < n —2; see [9, Lecture 9] for some properties of these
varieties. Furthermore all entries of M, are linear homogeneous polynomials in the
coordinates of u; so the condition rank (M, ) < n — 2 provides algebraic conditions
on the coordinates of u for [u] to be a H-pole.

In Table 2 and Table 3 of Appendix A we have explicitly written the matrices
M, associated to the trilinear forms h of type T; of Table 1 where u = (u;)™;.
To simplify the notation, when rank (k) < dim(V'), we have just written the
rank (h) x rank (h)-matrix associated to hy|v/rad (n)-



To determine the elements of the upper radical of H, namely the lines ¢ = [z, y|
of PG(V) with the property that any plane through them is in H, we need to
determine conditions on x and y such that the linear functional

Bay: V = K, hay(u) = h(u Az Avy) (2)

is null. To do this, it is sufficient to require that fzxy annihilates on the basis vectors
of V, ie. hyy(e;) =0, foreveryi=1,...,n.

2.2 A determinantal variety

Let h be a trilinear form associated to the hyperplane H and for any v € V, let x,
be the alternating bilinear form as in Equation (1) whose representative matrix is
M,. With 1 <7 < n, denote by M the principal submatrix of M, obtained by
deleting its i-th row and its i-th column. The matrix M. is a (n—1) x (n—1)-
antisymmetric matrix whose entries are linear functionals defined over K; so, its

determinant is a polynomial of degree n — 1 in the unknowns uy, ..., u, which is
a square in the ring Kluy, ..., u,], that is there exists a polynomial d;(uy, ..., u,)
with degd;(uy,...,u,) = (n —1)/2 such that

det MY = (d;(uy, . .., u,))> (3)

Define g;(uy, ..., u,) to be the polynomial in K|uy,...,u,]| such that
di(ug, ... uy) = ug'gi(uy, ..., uy)
where a € N and u$**" does not divide d;(u1, . .., u,).

Theorem 2.4. The set P(H) of H-poles is either the whole pointset of PG(V') or
there exists an index i, 1 < i <mn, such that P(H) is an algebraic hypersurface of
PG(V) with equation g;(uy, ..., u,) = 0.

Proof. Suppose P(H) # PG(V). By [6], P(H) is an algebraic hypersurface ad-
mitting an equation of degree (n — 3)/2; so P(H) contains at most (n — 3)/2
coordinate hyperplanes of the form II; : u; = 0. Then, there exists ¢ with 1 <1i <n
such that II; € P(H). By Corollary 2.3, [u] € PG(V) is a H-pole if and only if
rank (M,) < n — 2. If n is even, this always happens. So, assume n odd. We shall
work over the algebraic closure K of K. Take u = (uy,...,u,) with u; € K. We
can regard u as a vector in coordinates with respect to the basis induced by E
on V :=V @ K. In any case, the matrix M, is antisymmetric and its entries are
homogeneous linear functionals in uq, ..., u, defined over the field K.

Consider the points [u] with u; # 0. By Proposition 2.1, the i-th row/column of
M, is a linear combination of the remaining n — 1 rows/columns. So, rank M, =

rank Méi).
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Let d;(uq,. .., u,) be as in Equation (3). We now show that
di(ulv sy Ui—1, Ovui+17 s 7U’n) =0

for all wy,..., w1, U1, U, € K. Indeed, when u; = 0, by Proposition 2.1,
there exists a column Cj of M, u; # 0, such that

n

C=—Y %Ck.

k=1 7
k#

So, the j-th column of M is also a linear combination of the other columns of
M. Hence det M{" = 0 = (dj(ui, ..., 0,...,u,))?.
Since K is algebraically closed, we have

di(ug, . un) = widi(uy, ..., uy,),

with d(uy,...,u,) a polynomial in Kluy,...,u,] with degd; = (n — 3)/2. We
remark that the unknowns of the polynomials may assume their values in K but
the coefficients are all in K. By Corollary 2.3, a point [u] € PG(V)\II; (i.e. u; # 0)
is a H-pole if and only if det MY = 0, i.e. d(uy,...,u,) =0.

Denote by T'; the algebraic variety (over K) of equation d}(us,...,u,) = 0.
Since we are assuming II; € P(H) and P(H) \ II; = T; \ II;, we have

P(H) = C(P(H)\TL;) = C(T; \ IIy),

where C'(X) denotes the projective closure of X in PG(V) with II; regarded as the
hyperplane at infinity. Note that since P(H) is an algebraic variety of PG(V') which
does not contain II;, the points of P(H) NII; are exactly those of the projective
closure C'(P(H) \ I1;) N II;. The same applies to the points at infinity of the affine
variety T; \ TI;.

Suppose u?|d,(uy, ..., uy,) and v fdl(uy, ... uy,) for B € N.

Then, dj(uy, ..., u,) = ufgi(ul, ..y uy) and g;(uq, ..., u,) = 0 is an equation
for C(I"; \ II;) = P(H). This completes the proof. O
Observe that if a; = 1, then g;(uq,...,u,) = 0 is exactly an equation of degree

(n—3)/2 for P(H).

If n is even then each point of PG(V) is a H-pole. Likewise, when n is odd
and H is defined by a trilinear form y of rank less than n, then also each point
of PG(V) is a H-pole. Indeed, whenever R (H) = Rad (x) is non-trivial, for any
[u] € PG(V) there exists a line £ through [u] in RT(H) which meets Rad () and
so [u] is a H-pole. In any case the above conditions, while sufficient, are not in
general necessary; in fact, in Section 3.3 we shall provide a construction which
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might lead to alternating forms of rank n with n odd and R (H) = 0 such that all
points of PG(V') are H-poles.

Note that Theorem 2.4 shows that the variety of the H-poles in PG(V') admits
at least one equation over K of degree at most (n — 3)/2; this does not mean
that (n — 3)/2 is the minimum degree for such an equation or that the polynomial
gi(uq, ..., u,) generates the radical ideal of such variety (even over K). For instance,
in the case of symplectic hyperplanes, see Section 3.2.1, the variety of poles is
always a hyperplane of PG(V') and so it admits an equation of degree 1 for any
odd n.

2.3 A family of reducible hyperplanes

It is an interesting problem to investigate which algebraic varieties might arise
as set of H-poles; as noted before such varieties will always be skew-symmetric
determinantal varieties [8]. We leave the development of this study to a further
paper. However, with this aim in mind, we give here a construction for hyperplanes
whose variety of poles are reducible.

Theorem 2.5. Suppose V.= Vi +Vy with (eq, ..., e, ) and (e, ..., e,) bases of V}
and Vy respectively. For i = 1,2 let H; be a hyperplane of G3(V;) whose H;-poles in
PG(V;) satisfy respectively the equations fi(uy, ..., uy, ) = 0 and fo(tp,, ..., u,) = 0.
Then there exists a hyperplane H of G3(V') whose set of H-poles defines a variety
of PG(V) with equation f(uq,...,u,) =0 where

Fur, o ooyuy) = un, - fr(un, oy tny) fo(tn,, oo up).

Proof. For i = 1,2 denote by h; the trilinear form on V; defining H; and consider
the extension h;: V x V x V — K given by

h,’(ZL’, Y, Z) = hz(ﬂz(x>7 Wi(y)v 71'1(2))

where 7, : V' — Vj is the projection on V; along (e,,11,...€,) and my: V — V4 is
the projection on V5 along (e, ...ep,-1).

Put h := hy + hy and let H be the hyperplane of G3(V') defined by h. For any
[u] € PG(V), let x, as in Equation (1) be the bilinear alternating form induced by
h and represented by the matrix M, with respect to the basis (e1,...,en,,...,€,)
of V. By construction, the matrix M, has the following structure:

ni
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M, . (Vp,)
—(vl) 0

ni

where M, = ( ) is the n; X ni;-matrix representing hy and M, =

9 \T
((vg ) _<;\}221) ) is the (n —ny + 1) x (n — ny + 1)-matrix representing hy. Note
that 1(1},{01) and (v2) are suitable columns with entries respectively in the rings
Klug, ...ty ] and K, , ..., u,].

Suppose u,, = 0. Since the entries of M; and M, are respectively linear
functionals in uq, ..., u,, and wuy,,,...,u, if all entries u; of v with + > ny are null,
then M, is a zero matrix and rank M, < n — 2. Likewise if all entries u; of u with
i < n; are zero, then M, is the zero matrix and rank M, < n — 2. Assume now
that u,, = 0 and that there exist ¢, j with ¢ < n; and j > n; such that u; # 0 # u;.
Then, by Proposition 2.1, the first (n; — 1) columns of M; and the last n — n;
columns of M, are a linearly dependent set; in particular, rank M, < n — 2. So we
have proved that the hyperplane I, : u,, = 0 is contained in the variety of poles
P(H).

By construction, rank M; < n; — 2 if and only if fi(uy,...,u,,) = 0 and
rank My < n —ny — 1 if and only if fo(un,,...,u,) = 0. Let A be the variety of
equation fi(uy, ..., un,) fa(tn,,...,u,) = 0. Observe that A\ II,,, C P(H) \ 1I,,,,
as [u] € A\II,, implies that either rank M™) < rank M; < ny — 2 or rank M{™ <
rank M, < n —n; — 1 and, by Proposition 2.1 (u,, # 0), the n;-th column of M is

)

a linear combinations of the columns of M l(m as well as a linear combination of

the columns of Ménl) (so it does not contribute to the rank); so rank M,, < n — 2
and [u] € P(H) \ II,,,. Conversely, suppose [u] € P(H) with u,, # 0. Then, by
Theorem 2.4,

0 = det M™) = det M, - det My, = det M™) - det M{™,

If [u] € PG(V)\IL,,, again by Theorem 2.4 applied to V; and V5 we have det J\Zfl("l) =
0 if and only if fi(uq, ..., u,,) = 0 and det Ménl) = 0 if and only if fo(upn,,...,u,) =
0. So P(H)\1I,,, € A\II,,, whence

P(H)\Hm:A\Hm
Since I1,,, € P(H), we have
P(H) = (P(H)\Hm)unm = (A\Hn1> UL,

and, consequently f(u1, ..., u,) = Un, - f1(ug, ..o Uny ) fo(Uny, - - ., uy) is an equation
for P(H). O

Corollary 2.6. Let V' be a vector space of odd dimension n > 5 over a field K.
Then there exists a hyperplane H of G3(V') whose set of H-poles is the union of
(n — 3)/2 distinct hyperplanes of PG(V).
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Proof. We proceed by induction on n odd. If n = 5, consider the hyperplane of
G3(V) defined by the trilinear form h := 123 + 345. It is easy to verify that its
poles are all the points of the hyperplane of equation us = 0.

By induction hypothesis, suppose that the thesis holds for vector spaces of odd
dimension n. We shall prove it also holds for vector spaces of (odd) dimension
n+ 2. Let V with dim(V') = n + 2 and let (e;);=1....nt2 be a given basis of V. Put
Vi = (ei)1<i<n and Vi := (en, €py1, €np2). Clearly V = V) + V5. As dim(V;) = n
we can apply the induction hypothesis. So, there exists a trilinear form h; on
V1 (defining a hyperplane H; of G3(V})) such that its set of poles is the union of
(n — 3)/2 distinct hyperplanes of PG(V). Equivalently, we can assume without

loss of generality that any Hp-pole satisfies the equation g;(uq, ..., u,) = 0 where
gi(ug, ... uy) = HE:WQ UQi41-

Let hy be the trilinear form on V; defined by hy = (n)(n + 1)(n + 2). Clearly
hy has no pole in PG(V3).

By (the proof of) Theorem 2.5, we can consider the hyperplane H of G3(V)
defined by the sum of the extensions hy and hy to V of hy and hy (see the beginning
of the proof of Theorem 2.5 for the definition of h; and Eg). Then, the set of
H-poles is a variety of PG(V) with equation g(uq, ..., u,12) = 0 where

(n—3)/2 (n—1)/2
glur, - tna2) = gr(un, ) = | [ v | un= [ v
=1 =1

3 Constructions of families of hyperplanes

In this section we will explain some general constructions yielding large families of
hyperplanes of k-Grassmannians. More precisely, in Sections 3.1 and 3.2 we shall
briefly recall (without proofs) two constructions already introduced in [3] while in
Section 3.3 we will present a new one.

We first need to give the following definition which extends the definition of
S,(H) given in Section 1.1. For a (k — 2)-subspace X of V, let (X)G}, be the set
of k-subspaces of V' containing X. This is a subspace of G¢(V). Let (X)Gx be
the geometry induced by G(V') on (X)Gy and put (X)H := (X)Gr N H. Then
(X)Gr = G2(V/X) and either (X)H = (X)Gy or (X)H is a hyperplane of (X)G.
In either case, the point-line geometry Sx(H) = ((X)Gg-1,(X)H) is a polar
space of symplectic type (possibly a trivial one, when (X)H = (X)Gy)). Let
Rx(H) := Rad (Sx(H)) be the radical of Sx(H).

14



3.1 Extensions and trivial extensions

Let V =V, & Vi be a decomposition of V' as the direct sum of two non-trivial
subspaces Vy and V. Put ny := dim(1p) and assume that ng > k (> 3). Let
Xo : Vo X -+- x Vj = K be a non-trivial k-linear alternating form on V4. The form
Xo can naturally be extended to a k-linear alternating form x of V' by setting

x(xy,...,xx) = 0 if z; € Vi for some 1 <1 <k, (4
X(@1,...,z8) = xo(xr,...,z5) ifx; € Vg foralll <i <Kk,

)

and then extending by (multi)linearity. Let H, be the hyperplane of G,(V') defined
by x. Then, the following properties hold:

Theorem 3.1 ([3]). Let xo be a k-alternating linear form on Vi and ng = dim Vp;
define x as in (4). For ng =k, put Hy = (; otherwise, let Hy be the hyperplane of
Ge(Vo) defined by xo. Let also m:V — Vi be the projection of V' onto Vi along V;.
Then,

(1) H, = {X € G,(V) : either XNV; #0 orn(X) € Hy}.
(2) R (Hy) = (R (Hoy)UI[Vi]) where the span in taken in PG(V').
(3) R'(Hy) = {X € Gy_1(V) : either X NV, #£0 or n(X) € R'(Hy)}.

(4) When k = 3, the points [p] & [V1] have degree 6(p) = do(7(p)) +n — ng, where
do(m(p)) is the degree of [m(p)] with respect to Hy. The points p € [V1] have
degree n — 1.

We call H, the trivial extension of Hy centered at Vi (also extension of Hy by
Vi, for short) and we denote it by the symbol Exty, (Hy). When k = ny we have
Hy = (); we shall call Exty, (0) the trivial hyperplane centered at V;. In this case
Theorem 3.1 can also be rephrased as follows, with no direct mention of Hj.

Proposition 3.2 ([3]). Let H = Exty, () be a trivial hyperplane of Gi.(V'). Then
H = {XeG,V): XNV, #0}.

Moreover, R (H) = [Vi], R"(H) = {X € G 1(V) : XNV, #0} and, for X €
Geo(V), if XNV1 #£0 then Rx(H) = [V /X], otherwise Rx(H) = [(V1 + X)/X].

By construction, the lower radical of a trivial extension is never empty. The
following theorem shows that the converse is also true, namely if R (H) # 0 then
H is a trivial extension, possibly a trivial hyperplane.

If S is a subspace of V' with dim(S) > k, denote by H(S) := G(S) N H the
hyperplane of Gi(.S) induced by H.
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Theorem 3.3 ([3]). Suppose R (H) # () and let S, S’ be complements in V of the
subspace R <V such that [R] = R (H). Then

(1) H = Extp(H(S));
(2) H(S) = H(S");
(3) Ry(H(S)) = 0.

Each hyperplane H of G,(V) defined by a k-linear alternating form h with
rank (h) < dimV is clearly a trivial extension of a hyperplane H' of G, (V') with
dim V' = rank (h), since V.= Rad (h) ® V'.

3.2 Expansions

Let Vy be a hyperplane of V' and Hj a given hyperplane of Gy_1(Vp). Assume k > 3;
hence V has dimension n > 4. Put

Exp(Hp) = {X € Gp(V) : either X C Vj or X NV € Hy}.
Theorem 3.4 ([3)). The set Exp(Ho) is a hyperplane of Gu(V). Moreover,
(1) R (Exp(Ho)) = R (Ho).

(2) RN (Exp(Ho)) = HoU{X € Gp-1(V)\ Geor(Vo) © X NVp € RN (H)}

(3) For X € Gp»(V), if X C Vy with X € R'(Hy) then Rx(Exp(Hy)) =
Sx(Exp(Hy)) = (X)Gr_1 (the latter being computed in V). If X C Vy but
X & R'(Hy) then Rx(Exp(Hy)) = (X)Hy (a subspace of PG(Vy/X)). Finally,
if X € Vo, then Rx(Exp(Hy)) = {(z,Y) : Y € Rxnvw(Ho)} for a given
x € X \ Vo, no matter which.

We call Exp(Hj) the ezpansion of Hy. A form h : /\k V' — K associated to
Exp(Hy) can be constructed as follows. Suppose ho : A" ' Vo — K is the (k — 1)-
alternating linear form defining Hy. Suppose Vy = (e, ..., e,_1) where E = (e;)I,
is the given basis of V. Recall that {e;, A---Ne;, @ 1 <i3 <...<i<n}isa
basis of A" V. Put

[ 0ifig<n,
h(eil AN /\elk) - { h0(6i1 N /\eik—l) if Zk = n. (5)

and extend it by linearity. It is easy to check that the form h defines Exp(H,).

We now recall some properties linking expansions and trivial extensions which
might be of use in investigating the geometries involved.
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Theorem 3.5 ([3]). Let Hy be a hyperplane of G..(Vy); then
1. Ry(Exp(H,)) = 0 if and only if Ry(Hy) = 0;

2. denote by Sy a complement of Ry < V such that [Ry] = R (Hp); then,
Exp(Hy) = Extr, (Exp(Ho(So))) where Hy(Sy) is the hyperplane induced on
SO by HO;

3. if Hy is trivial, then Exp(Hy) is also trivial with center Ry(Hy).

3.2.1 Symplectic hyperplanes

Assume now k = 3 and take Hy to be a hyperplane of Go(Vy) (hence defined by
a bilinear alternating form of V4). The point-line geometry S(Hy) = (G1(Vh), Hp)
having as points all points of [Vj] and as lines all elements in Hy, is a polar space
of symplectic type. The upper and lower radical of Hy are mutually equal and
coincide with the radical R(Hy) of S(Hy).

First suppose that S(Hy) is non-degenerate. Then n — 1 is even, whence
n > 5. Claims (1) and (2) of Theorem 3.4 imply that R (Exp(Hy)) = 0 and
RY(Exp(Hy)) = Ho; thus the geometry of poles P(Exp(Hy)) of Exp(Hy) coincides
precisely with the symplectic polar space S(Hp). In particular, the points of [V]\ [V{]
are smooth while those of [Vj] are poles of degree 1. Motivated by the above remark
we call Exp(Hy) a symplectic hyperplane whenever R(Hy) = 0.

Assume now that S(Hj) is degenerate, i.e. Rad (S(Hp)) # 0. In this case,
R (Exp(Hy)) # 0 since R (Exp(Hy)) = Rad(S(Hp)); so Exp(Hy) is either a
trivial extension of a symplectic hyperplane by Rad (S(Hp)) (this happens when
dim(Rad (S(Hp)) < n — 3) or a trivial hyperplane centered at Rad (S(Hy)) (this
happens when dim(Rad (S(Hy)) =n — 3).

3.3 Block decomposable hyperplanes

The construction of block decomposable hyperplanes can be done for general k£ > 3
but we will give the details for the case k = 3.

Suppose V = V5 @ Vi. Any vector x € V can then be uniquely written as
r = x9+ o1 with g € Vy and 2 € V4. For i = 0,1 let h; : /\3Vi — K be a
linear functional defining the hyperplane H; of G3(V;). Consider the extension
hi - N\°V — K of h; to V given by

hi(x Ay A z) = hi(zi Ayi A 2;)

where x = 2o+ 21,y =yo +y1,2 =20+ 21 € V and z;,y;, 2; € V;.
Let h := hg + hy be the trilinear form of V' defined by the sum of hg and hy. So,

h((wo + 131) VAN (y(] + yl) VAN (Zo + Zl)) = }_l(](xo A Yo N\ Z(]) + }_ll(ﬂil ANyp A Zl).
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Then the hyperplane of G5(V') defined by h is called a block decomposable
hyperplane arising from Hy and H; and it will be denoted by Dec(Hy, Hy).

Theorem 3.6. Let H := Dec(Hy, Hy) be a block decomposable hyperplane of Gs(V').
Then the following hold:

1. The poles of H are all the points of PG(Vy & V1);

2. RY(H) = {l € Go(V) : (mo(¢) € R'(Hp) or dim(mo(¢)) < 2) and (m(¢) €
RY(Hy) or dim(m(¢)) < 2)} where m;: V — V; is the projection of V' onto
Vi along V; (j #4,i=0,1). Denote by e5: Go(V) = PC(A* V) the Plicker
embedding of the 2-Grassmannian Gy. We have

e2(RN(H)) = [e2(R(Hp)) + e2(RT(Hy)) + Vo A VA N ea(Go)
where Vo A Vi := (vg Ay 2 vg € Vo, v € V7).

Proof. Put ng = dimVy and ny = dimV;. Let v € V where u = ug +u; € V,
ug € Vp and u; € V4. Denote by M, the matrix of the bilinear form x,(z,y) :=
h(u A x Ay). Then, M, is a block matrix of the form

(M, O
M, = ( 0 Mu1>
where M, is the matrix representing the form \’ (z,y) := h;(u A x A ) associated
to the hyperplane H; of G3(V;).

For any z,y,u € V with x = 2o+ 1, y = yo +vy1, u = ug+uy and x;, y;, u; € V;,
we have by definition of decomposable hyperplane,

Xu(xa y) = xTMuy = nguoyO + x{MmyL

By Corollary 2.2, rank (M,,) <n; — 1. So, rank M,, < (ng — 1)+ (ny — 1) =n — 2.
By Corollary 2.3, [u] = [ug + u;] is a pole.
A line ¢ = (x,y) is in the upper radical RT(H) if, and only if, for any choice of

u € V we have x,(z,y) = 0. Since

Xu(x7y> - Xuo(x(byo) + Xm(mlvyl)v

where z;,y; € Vi and 2 = 29 + 21, ¥y = yo + y1, we have ¢ € R'(H) if and
only if for all w; € V; and ¢« = 0,1, x4, (z;,v;) = 0. This holds if and only if
(mo(¢) € RY(Hy) or dim(my(¢)) < 2) and (7, (¢) € RT(H,) or dim(m;(£)) < 2). The
first part of claim 2 is proved.

Consider the following subspace of PG(A® V)

L= [ég(RT(Ho)) + EQ(RT(Hl)) + ‘/0 AN ‘/1]
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where Vo A V] := (vg A vy vy € Vo, v1 € V7).

We claim that any point in eo( RT(Hp)) +&2(RT(Hy)) 4+ Vo A V4 is in e5(RT(H)).
Since RT(H;) C R'(H) (for i = 0,1) and &, *((Vo A V1) Nea(Ga(V))) € RT(H), by
the first part of claim 2, the inclusion £ C ey(RT(H)) is immediate.

Suppose now ((zg + 1) A (Yo + v1)) € ea(RT(H)). We can write (by the first
part of claim 2)

J

(o +21) A (o +y1) = (20 Ayo) + (zo Ayr) + (21 Ayo) + (m1 Ayr) € L.
—— ———

-~

€e2(RT(Ho)) EVoAV: cea(RT(H1))
The thesis follows. O

We remark that, with some slight abuse of notation, the extension Exty, (Hy) of
an hyperplane H, can always be regarded as a special case of a block decomposable
hyperplane, where the form h; defined over V; is identically null.

The definition given for block decomposable hyperplane arising from two hyper-
planes Hy and H; can be extended by induction to the definition of block decompos-
able hyperplane Dec(Hy, - - - , H,_1) arising from n hyperplanes H; (0 <i <n—1),
where H; is a hyperplane of G3(V;) and V = &,V;.

In general, given two linear subspaces Vj, V; of V' such that V =1, & V;, and
given two hyperplanes Hy and H; of G3(Vp) and G5(V)), there exist several possible
hyperplanes H of G3(V, @ V1) which are block decomposable and arise from Hj and
Hy, namely all of those induced by the forms h, s := ahy+ Shy with «, 5 € K\ {0}.
Even if all these hyperplanes are in general neither equivalent nor nearly equivalent,
they turn out to be always geometrically equivalent and their geometry of poles
depends only on the geometries of Hy and H;.

4 Characterization of the geometry of poles

In this section we will prove our Theorems 1, 2 and 3. As in the previous sections,
let E := (e;)I, be a given basis of V. Let H be a given hyperplane of G3(V') and
P(H) = (P(H),R"(H)) be the geometry of poles of H. In Section 2.1 we have
explained how to algebraically describe the pointset P(H) and the lineset RT(H)
of the geometry of poles associated to H. The main steps to describe P(H) are the
following;:

o Consider the bilinear form y, associated to the trilinear form defining A and
write the matrix M, representing x,. This is done in Table 2 for forms of
rank up to 6 and in Table 3 for forms of rank 7. Recall that for dim(V) <7
and K perfect with cohomological dimension at most 1, all trilinear forms
are classified: they are listed in Table 1.
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o By Theorem 2.4, we know that the set of poles is either the pointset of PG(V)
or an algebraic variety. If dim(V') = 6 all points of PG(V') are poles, for any
hyperplane H of G3(V). If dim(V') = 7, to get the equations describing the
variety P(H) we rely on Corollary 2.3, which gives algebraic conditions on
(u;)?y for [(u;)!,] to be a H-pole. In the second column of Table 5 we have
written down those equations, according to the type of H.

» To describe the lines of P(H) we rely on the last part of Section 2.1. In
particular, £ := [z,y] € RT(H) if and only if the functional h,, described in
Equation (2) is the null functional. This immediately reads as some linear
equations in the Pliicker coordinates |z, yl;; of the line ¢. The results of these
(straightforward) computations are reported in the third column of Tables 4
for forms of rank at most 6 and Table 5 for forms of rank 7.

So, Tables 1, 2, 3, 4, 5 provide an algebraic description of points and lines of
P(H), for any hyperplane H of G3(V'). In the remainder of this section we shall
also provide a geometrical description of P(H).

4.1 Hyperplanes arising from forms of rank at most 6
4.1.1 Hyperplanes of type T}

A hyperplane H of G3(V) of type T} is defined by a trilinear form of rank 3
equivalent to h = 123, see the first row of Table 1.

Suppose dim(V) > 4 and let (e;)", be a given basis of V. Then Rad (h) =
(€;)i>a. According to Section 3.1, H is a trivial hyperplane Extgaq (n)(P) centered
at Rad (h). By Proposition 3.2, the set of Extrad () (0)-poles is the whole pointset
of PG(V) and the lines of the geometry of poles, i.e. the elements in the upper
radical RT(Extraqn)(0)), are those lines of PG(V') meeting Rad (h) non-trivially.
When n = dim(V') < 6, this proves part 1 of Theorem 1.

4.1.2 Hyperplanes of type 15

A hyperplane H of G3(V') of type Ty is defined by a trilinear form of rank 5
equivalent to h = 123 + 145, see the second row of Table 1.

Suppose dim(V') > 5. Then dim(Rad (h)) > 1. Let V = Rad(h) & V'. By
Section 3.1, H is a trivial extension Extraqn)(H') of a hyperplane H' of G3(V”).
By Theorem 3.3, we can assume without loss of generality V' = (e;)2_,. Put
Vo := {e;)2_, and consider the hyperplane Hy of Go(V5) defined by the functional
23 + 45. By Section 3.2, H' is the expansion Exp(Hy) of Hy. By Subsection 3.2.1,
since the geometry S(Hy) = (G1(Vy), Ho) is a non-degenerate symplectic polar
space, the geometry of poles of Exp(Hj) coincides precisely with S(Hy). Hence, if
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dim(V') > 5, H is a trivial extension Extraq () (Exp(Hp)) of a symplectic hyperplane
Exp(Hp). The H-poles are all the points of PG(V') and the lines of the geometry
of poles are all the lines ¢ of PG(V) meeting Rad (h) non-trivially or such that
m(¢) € Hy where 7 is the projection onto V; along Rad (h).

If dim(V') = 5 then H is the expansion Exp(Hy) of a non-degenerate symplectic
polar space S(Hy) defined by the functional 23 + 45 in Vy = (e;)7_,. By Subsec-
tion 3.2.1, the geometry of poles of H coincides with the symplectic polar space

Part 2 of Theorem 1 is proved.

4.1.3 Hyperplanes of type T3

A hyperplane H of G3(V) of type T3 is defined by a trilinear form of rank 6
equivalent to h = 123 + 456, see the third row of Table 1.

Suppose dim(V) = 6. Let (e;)%_; be a given basis of V. Put Vy = (ey, €2, €3)
and Vi = (ey4,e5,¢5). Clearly, V. = Vy @ V4. For i = 0,1, denote by h; :=
(3i 4+ 1)(3i + 2)(3i + 3) the trilinear form induced by the restriction of h to A* V;.
By Section 3.3, H is a decomposable hyperplane Dec(Hy, Hy) of G3(V') arising from
the hyperplanes H;, i = 0,1, of G5(V;) defined by the forms h;. Since RT(H;) = 0,
by Theorem 3.6, all points of PG(V') are elements of the geometry of poles P(H)
and the lines of P(H) are exactly those lines of PG(V') intersecting both PG(V})
and PG(V7). This proves part 3 of Theorem 1.

Suppose dim(V) > 6. Let (e;);>1 be a given basis of V. Then Rad (k) = (e;);>7.
By last part of Section 3.1, H is a trivial extension Extgrad ) (Dec(Ho, Hy)) of a
decomposable hyperplane Dec(Hy, Hy) of G3(V') where V' = Rad (h) & V' and H;,
i = 0,1, are the hyperplanes of G3(V;), Vi = (esit1,€3i42,€3i43), V' = V1 @ Vs,
defined by (3i + 1)(3i + 2)(3i + 3).

4.1.4 Hyperplanes of type T}

A hyperplane H of G3(V) of type Ty is defined by a trilinear form of rank 6
equivalent to h = 162 + 243 + 135, see the fourth row of Table 1.

Suppose dim(V') = 6. For any u € V, rank (M,) < 4 (see Table 2 for the
description of the matrix M,). If (e;)%_, is a basis of V and V =V, & V; with
Vo = (e1,es9,e3) and V) = (ey, e5,€6), by a direct computation we have that the
elements of V; are poles of degree 3 while all remaining poles have degree 1.

Let ¢ = [u,v] be a line of PG(V). By the forth row of Table 4, ¢ € RT(H) if
and only if its Pliicker coordinates satisfy 6 linear equations. More explicitly, we
have that ¢ = [u,v] € RT(H) if and only if u = @ig + @; and v = w(ipy) € Vi with
g € Vo, ug € Vi and w: V' — V., w(uy, usg, us, ug, us, ug) = (ug, us, ug, U1, Uz, u3).
Note that w interchanges V; and V. Indeed, if u = 4y + u; and v = vy + v; with
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Uo, Vg € Vg and @y, 0; € V4, the Pliicker coordinates of the line £ = [u, v], satisfy the
equations |u,v|12 = 0, |u,v|13 = 0, |u, v|o3 = 0 if and only if 7y = Ay with A € K.
Hence ¢ = [u,v] = [u,v — \u] = [ug + 1y, v}] with 0] = 03 — Auy € V4.

The remaining three equations |z, y|2s—|2, y|35 = 0, |z, y|16—|z, Y|3a = 0, |z, y|2a—
|z, y|l15 = 0 are satisfied by the Pliicker coordinates of ¢ = [u,v] = [ag + 11, V]
if and only if either @, is the null vector and in this case ¢ = [uy,0]] C V; or
[07] = [(0, 0,0, uy, us, u3)] where [u] = [(u1, ug, ug, us, us, ug)).

This proves part 4 of Theorem 1.

Suppose dim(V') > 6. Let (e;);>1 be a given basis of V. Then Rad (h) = (e;);>7.
By last part of Section 3.1, H is a trivial extension Extgaq ) (H’) of a hyperplane
H' of G3(V') where V = Rad (h) ® V', V' = (e;)¢_, and H' is defined by a trilinear
form equivalent to 162 + 243 + 135. A description of the geometry of poles of H
follows from Theorem 3.1 and the already done case of hyperplanes of type Ty of
G5(V) for dim(V') = 6.

4.1.5 Hyperplanes of type Tl(é),)\
A hyperplane H of G5(V') of type Tl(é)’ , is defined by a trilinear form of rank 6 as

written in row 10 or 11 of Table 1, according as char (K) is odd or even. We remark

that forms of type T1(é,),\ make sense also in even characteristic, provided that the

field K is not perfect.

Let dim(V) = 6. For any v € V, the matrix M, representing the bilinear
alternating form x, associated to H is written in Table 2. We have that rank (M,,) <
4 for every u € V, i.e. every point of PG(V) is a pole. Actually, we will prove
that rank (M,) = 4 for any u € V, i.e. every point of PG(V) is a pole of degree 1,
equivalently, RT(H) is a line spread of PG(V).

Consider first a hyperplane of type Tl%,)/\‘ Suppose by way of contradiction that
rank (M,) < 4, i.e. all minors of order 4 vanish. With u = (uy,...,ug), take the
three 4 x 4 principal minors of M, given by

Casei=1

Principal submatrix of M,

. Value of the minor
corresponding to rows/columns

1,2,4,5 A (Aug — u3)?
1,3,4,6 N2 (Au — ud)?
2,3,5,6 A2 (Au? — u?)?

By the third column of Table 1 corresponding to Tl(é,))d we have that py(t) =t — X
is an irreducible polynomial in K[¢]. Hence the minors mentioned are null if and
only if u; =0 forallz=1,...,6.
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We argue in a similar way for case T1(§,),\ with char (K) = 2, by choosing the
minors of M, given by

Case i =2

Principal submatrix of M,

. Value of the minor
corresponding to rows/columns

1,2,4,5 (ug + Muzug + u3)?
1,3,4,6 (u2 + Augus + u3)?
2,3,5,6 (u? + Mugug + u?)?

By the third column of Table 1 corresponding to T1(§,),\a we have that py(t) =
2+ At +1 is irreducible in K[t]; hence rank M,, = 4 unless u = (0,...,0). So RT(H)
is a line-spread of PG(V).

Lemma 4.1. Let H be a hyperplane of G3(V') with dim'V = 6 whose upper radical
RY(H) is a line-spread of PG(V). Then R'(H) is a Desarguesian line-spread of
PG(V).

Proof. For simplicity of notation, denote by S the line-spread of PG(V') induced
by H. Then, by duality, H induces also a line spread §* in the dual space PG(V*),
where V* is the dual of V. In particular, a 4-dimensional vector space ¥ is in &* if
and only if all planes contained in Y are elements of H. We will prove that § is a
normal spread, i.e. given any two distinct elements /1,0y € S and Y = {1 + {5, the
set Sy :={l € S :{ C X} is a line-spread of .

Let 7 be a plane contained in ¥. Then, 7 N /¢; # () # 7 N {3 and we can write
T = [p1,p2, 1 + q2] With p1,q1 € 41, pa2, g2 € {s suitably chosen. Denote by h a form
defining the hyperplane H. Then h(py A pa2 A (g1 + 2)) = h(p1t Ap2 A qu) + h(p1 A
p2 A\ q2) = 0 as h is identically zero on all planes through either ¢; or ¢5. Hence
7 € H and, consequently, ¥ € S*.

So the 3-dimensional projective space spanned by any two elements of S is in
S*; by duality, the intersection of any two elements of §* is in §. Take now ¥ € §*
and p € 3; denote by ¢, the unique line of S with p € ¢,. Let ¢ € S such that
¢" is not contained in ¥. Then, ¥’ = ¢, + ' € §* and, by the argument above,
Y'NY eS. Since p € ¥' N3, it follows that ¥’ MY = ¢,. This for all points p € X;
so Sy is a spread of 3. Hence S is a normal spread and by [1, Theorem 2] S is a
Desarguesian line spread of PG(V). O

Part 5 of Theorem 1 is now proved.

Proof of Theorem 2. By Lemma 4.1, line-spreads of PG(6,V’) induced by
hyperplanes of G3(V') are Desarguesian. As Desarguesian line-spreads are coordi-
natized over division rings, there must exist a division ring D having dimension
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2 over K (see [2]) with either D commutative or K being the center of D. We
show that D is commutative. Take a € D\ K. Then the algebraic extension
K(a) is a proper field extension of K contained in D; so 2 = [D : K] > [K(a) :
K] > 2. It follows that D = K(a) and D is a field which is an algebraic exten-
sion of degree 2 of K. So, for D to exist, K must not be quadratically closed.
O

Remark 1. The commutativity of ID in the proof of Theorem 2 is also a consequence
of the Artin-Wedderburn theorem. We have provided a short argument.

Suppose dim(V') > 6. Let (e;);>1 be a given basis of V. Then Rad (k) = (e;);>7.
By last part of Section 3.1, H is a trivial extension Extgraq n)(H’) of a hyperplane H’
of G3(V') where V = Rad (h)® V', V' = {¢;)%_, and H' is defined by a trilinear form
of type T1(é), - A description of the geometry of poles of H follows from Theorem 3.1

and the already done case of hyperplanes of type T, 1(6) ,, of G3(V) with dim(V) = 6.

4.2 Hyperplanes arising from forms of rank 7

Throughout this section let [u] = [(u;)_,].

4.2.1 Hyperplanes of type 75

A hyperplane H of G5(V) of type Ts is defined by a trilinear form of rank 7
equivalent to h = 123 + 456 + 147, see the fifth row of Table 1.

Suppose dim (V') = 7. Straightforward computations shows that rank (M,) < 4
(see Table 3 for the description of the matrix M,,) if and only if u; = 0 or uy =0
and rank (M,) = 2 if and only if u; = uy = us = ug = 0 or u; = uy = ug = uy = 0.

Let §; and S, the hyperplanes of PG(V') with equations respectively u; = 0
and uy = 0. Denoted by P(H) the set of poles of H, we then have P(H) = S; US..
A point [u] has degree 4 if and only if [u] € A; U Ay where A, is the plane of PG(V)
of equation u; = uy = us = ug = 0 and A, is the plane of PG(V') of equation
U1:U2:U3:U4:O.

Take [u] = [(0,ug,...,ur)] € S;. In this case, by the equations of Table 5, a
line ¢ := [u,v] of PG(V) through [u] is in RT(H) if and only if £ C &y, intersects A,
non-trivially and it is totally isotropic for the non-degenerate bilinear alternating
form of &) defined by S(u, v) = ugvs — uzvy + ugv7 — urvy + UV — UgVs. A similar
argument shows that if [u] is taken in Sy, then any line of RT(H) through it meets
Ay and it is totally isotropic for the non-degenerate bilinear alternating form of S,
defined by £(u,v) = uyv; — uzvy + ugvsz — uzvy + UsVe — UgUs.

This proves part 1 of Theorem 3.
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4.2.2 Hyperplanes of type Tg

A hyperplane H of G5(V) of type Tg is defined by a trilinear form of rank 7
equivalent to h = 152 + 174 4+ 163 + 243, see the sixth row of Table 1. Suppose
dim V' = 7; straightforward computations show that rank (,) < 4 (see Table 3 for
the description of the matrix M, ) if and only if u; = 0. Let S be the hyperplane of
PG(V) of equation u; = 0. Then the set of the H-poles is precisely the point-set
of S. Also, a point [u] has degree 4 if and only if [u] € A where A is the plane of
equation u; = ug = uz = uy = 0. Take u = [(0,ug,...,ur)] €S. By the equations
|, v|34 = |u,v|2q = |u,v]a3, of Table 5, each line of the upper radical must intersect
the plane A. By the equation |u,v|ss + |u, v|3s + |u, v|s7 = 0, we have that a line
(= [u,v] is in RT(H) if and only if f C S, N A # 0 and / is totally isotropic for
the non-degenerate alternating form S(u,v) := |u, v|2s + |u, v|36 + |u, v]47 = 0. This
proves part 2 of Theorem 3.

4.2.3 Hyperplanes of type 1%

A hyperplane H of G3(V) of type Tr is defined by a trilinear form of rank 7
equivalent to h = 146 + 157 + 245 + 367, see the seventh row of Table 1. Suppose
dim V' = 7; straightforward computations show that rank (M,) < 4 (see Table 3
for the description of the matrix M,,) if and only if usu; + uqug = 0. Let A be
the plane of PG(V) of equations uy = us = ug = uy = 0 and denote by Q the
hyperbolic quadric of equation usu; + usug = 0 embedded in the subspace W of
equations u; = up = uz = 0. The set of H-poles is the point-set of the quadratic
cone of PG(V) with vertex A and basis Q. Also, a point [u] has degree 4 if and
only if [u] € C where C is the conic of A with equation u? — usuz = 0. Using the
equations of Table 5, it is possible to associate to any [x] = [(st, 2, s%,0,0,0,0)] € C
a unique line ¢, = [(0,0,0,s,0,0,t),(0,0,0,0, s, —¢,0)] of Q.

With [z] € C, denote by Resa,)(x) the projective geometry whose points are
all the 2-dimensional vector spaces through = in the 5-dimensional vector space
(A, l,) and whose lines are the 3-dimensional vector spaces of (A4, ¢,) through .
Note that Res(a,)(z) = PG(3,K).

Proposition 4.2. For any [z] € C there exists a line spread S, of Res(a,)(x) such
that £ € RT(H) if and only if { C (z, s) for some x € C and s € S,.

Proof. Suppose z,2’ € C with x # z/. Then, (A, (,) N (A, {,/) = A. We shall now
define S, as follows

Sy ={m,:pe (A l,)\ A} U{A}

where 7, is the unique plane of PG(V') spanned by all the lines through p in RT(H).
Note that 6(p) =2 and z € 1, C (A, {,).
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Let now [g] be a point in 7, with 7, € S,. If [¢] € [z, p], then [z, ¢] and [p, ¢]
are both lines in the upper radical of H through [g]; since 6(¢) = 2 we have 7, = .
If [¢q] € [z, p] we consider a point [r] & [z, p] and apply the same argument to show
that m, = m = m,. Hence all lines of PG(V) in any plane m, € S, are in the
upper radical and for any pole p € A, the lines of the upper radical through p are
contained in 7.

Suppose 7, and 7, are two lines of S, with non-trivial intersection, i.e. m, N7,
is a line through = not contained in A. Any point on this line would have degree
at least 3 — a contradiction.

Finally all lines contained in A are elements of the upper radical and A reads
as one line of S,. [

This proves part 3 of Theorem 3.

4.2.4 Hyperplanes of type Ty

A hyperplane H of G3(V) of type Ty is defined by a trilinear form of rank 7 equivalent
to h = 123 4 145 + 167, see the eighth row of Table 1. Suppose dim V' = 7. Put
Vo = (e;)I_, and consider the hyperplane Hy of Go(Vy) define by the functional
23 + 45 + 67. By Subsection 3.2, H is the expansion Exp(Hy) of Hy and since the
geometry S(Hy) := (G1(Vo), Hp) is a non-degenerate symplectic polar space, the
geometry of poles of Exp(Hj) coincides with S(Hy).

This proves part 4 of Theorem 3.

4.2.5 Hyperplanes of type Ty and T}y,

Hyperplanes H of G3(V') of types either Ty or T, are defined by trilinear forms
of rank 7 nearly equivalent to h = 123 + 456 + 147 + 257 + 367, see rows 9 and
14 of Table 1. Suppose dimV = 7; straightforward computations show that
rank (M,) < 4 (see Table 3 for the description of the matrix M, ) if and only if [u]
is a point of a non-degenerate parabolic quadric Q@ of PG(V'). More precisely, each
point of Q has degree 2.

The equations appearing in Table 5 for cases Ty (and T35 ,,) are the same as
those in [15, §2.4.13] for the standard embedding of the Split-Cayley hexagon
H(K) in PG(6,K); see also [14]. Hence, the geometry of the poles of H is precisely
a Split-Cayley hexagon. For these reasons, hyperplanes of this type are called
hexagonal. This proves part 5 of Theorem 3.

4.2.6 Hyperplanes of type Tﬁ),x

A hyperplane H of G3(V') of type Tﬁ) , (i =1,2) is defined by a trilinear form of
rank 7 as written in row 12 or 13 of Table 1, according as char (K) is odd or even.
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As in the case T1(é,),\a we remark that forms of type Tl(ll,)A may also be considered in

even characteristic, provided that the field is not perfect. The geometries of poles
arising in both cases ¢ = 1,2 afford a similar description.

Suppose dim V' = 7. By the proof of Theorem 2.4, straightforward computations
show that rank (M,) < 4 if and only if det(M{”)/u2 = 0 where by M{" is the
submatrix of M, (see Table 5 for the description of M, ) obtained by deleting its
last row and column.

First consider the case T 1(11))\ Then [u] is a pole if and only if its coordinates
satisfy the equation Au? —u? = 0. Since the polynomial py(x) = 2% — X is irreducible
in K, the points satisfying the above equation have coordinates with u; = uy = 0.
Hence, the set of poles is § := §; NSy where S is the hyperplane of PG(V) of
equation u; = 0 and S, is the hyperplane of PG(V) of equation uy = 0. Considering
the 4 x 4 principal minors of M, given by

Casei=1

Principal submatrix of M,
corresponding to rows/columns
1,2,4,5 N (Aug — u3)?
1,3,4,6 N (Au2 — u3)?,

Value of the minor

we have that the only point of degree 4 is [er].

In the case T! 1(127))\, then [u] is a pole if and only if its coordinates satisfy the
equation u? + Aujuy + uf = 0. Since the polynomial py(x) = 2% + Az + 1 is
irreducible in K, the points satisfying the above equation have coordinates with
u; = ugy = 0. Hence, the set of poles is § := &1 NSy where S is the hyperplane of
PG(V) of equation u; = 0 and S, is the hyperplane of PG(V') of equation uy = 0.
Considering the 4 x 4 principal minors of M, given by

Case 1 =2

Principal submatrix of M,
corresponding to rows/columns
1,2,4,5 (u2 + Mugug + u2)?
1,3,4,6 (u2 + Mugus + u3)?

Value of the minor

so we have that the only point of degree 4 is [e7] as above.

We now provide a geometric description of RT(H) holding for both i = 1 and
i = 2. Denote by Ress(er) the projective geometry whose points are all the lines of
S through [e7] and whose lines are the planes of S through [e7]. It is well-known
that Ress(e7) = PG(3,K). Consider the following set

F:={m,:peS\les]}
where 7, is the plane of PG(V) spanned by the lines in RT(H).
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Proposition 4.3. The set F is a line-spread of Ress(er) and
R\ (H)={¢Cn,:m, € F}

Proof. Take [p] € S\ [e7]. Since [p] a pole of degree 2, then there exists a plane m,
with [p] € 7, spanned by lines of RT(H). Note that [p,e;] € RT(H); so [e7] € m,.
Any line ¢ C 7, is in the upper radical of H. Indeed, let now [¢] be a point in 7,
with m, € F. If [¢] & [z, p], then [z, q] and [p, ¢] are both lines in the upper radical
of H through [g¢]; since 6(¢) = 2 we have m, = m,. If [¢] € [z, p] we consider a point
7] & [x,p] and apply the same argument to show that 7, = m, = m,. Hence all
lines of PG(V') in any plane 7, € F are in the upper radical of H.

Suppose now m,, 7, € F and 7, N7, = r where r is a line through [e7]. Then
any point on r has degree at least 3, a contradiction. We have proved that the set
F is a line-spread of Ress(e7). The characterization of the upper radical is now
straightforward. ]

This proves part 6 of Theorem 3.
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Appendix A Tables

Table 1: Types for linear functionals on /\3 V.

Type | Description Rank | Special conditions, if any

v | 123 3

T | 123+145 5

T3 | 123 + 456 6

Ty | 162+ 243+ 135 6

Ts | 123 +456 + 147 7

Te | 1524174 + 163 + 243 7

T7 | 146 + 157 + 245 + 367 7

Ty | 123 + 145+ 167 7

Ty | 123 + 456 + 147 + 257 + 367 7
T8 | 123 + A(156 + 345 + 426) 6 | pa(t) := 2 — X irreducible in K[t].
T()\ | 126 + 153 + 234+ 6 | char(K) =2 and

(A2 4 1)456 + \(156 + 345 + 426) pa(t) := t2 + At + 1 irreducible in K[t].

T [the same as at TV | + 147 same conditions as for T\

11, 1o T 220 101
Tl(f)A [the same as at Tl(g V) + 147 same conditions as for Tl(g \
T2, | pfthe same as at Ty 7 | pu(t) =t — p irreducible in K][t]

According to the clauses assumed on A\, types Ts(t\) (r € {1,2}, s € {10,11})
can be considered only when K is not quadratically closed. Moreover, when A £ X
the types Ts(i\) and TS(:\), are different up to linear and near equivalence, even if they
might describe geometrically equivalent forms.

It follows from Revoy [12] and Cohen and Helminck [4] that two functionals of

types T; and T with 1 <7 < j <9 are never nearly equivalent; a functional of type
T; with i < 9 is never nearly equivalent to a functional of type T;;:\); two functionals
of type Ts(t\) and T S(/T :\), with (r,s) # (1, s’) are never nearly equivalent while two
functionals of type TS(T/\) and T S(TA), are nearly equivalent if and only if, denoted by p
and ' respectively a root of p,(t) and a root of py/ (t) in the algebraic closure of
K, we have K(u) = K(u') (see the fourth column of Table 1 for the definition of

pA(t)). The forms Ty and T}, are not linearly equivalent; however they are, by
construction, nearly equivalent.
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Also, the forms T1(é),,\ and T1(é),x as well as Tl(i?/\ and Tl(? y are not in general
nearly-equivalent however they are geometrically equivalent. In particular both

T 1(3,))\ and Tl(g?/\, induce a Desarguesian spread on PG(V'). Note that the forms 7 1%%\
exist only if char (K) # 2 or if char (K) = 2 and K is not perfect. The forms of

type ng,),\ are equivalent to form of type Tfé,),\ if char (K) # 2; however, they are

not equivalent if char (K) = 2.

Table 2: Matrices associated to forms of rank up to 6.

Type Rk|Matrix Type [RkMatrix
0 uz —u2 0 —ug us 0 —u3z u2
Tl 3 —u3z 0 uy ug 0 —wuag us 0 —uy
ug —u; O T 6 —us5 u4q 0 —uz ujp 0
0 uz —u us —u4g 4 0 —u3 wu3 0 0 0
—u3z 0 uy 0 0 u3 0 —u; O 0 0
T 5 wg —u; 0 0 O —up up O 0O 0 0
—us 0 0 0 ul 0 us3 —u 0 Aug —Aus
Uy 0 0 —up O —us 0 uyp —Aug O Augy
0 ws —us O 0 0 T(l) 6 ws  —ui 0 Aus —Aug O
—uz 0 wuj 0 0 0 107A 0 Aug —Aus 0 Ausz —Aug
T 6 ug —ui; O 0 0 0 —Aug O Aug —Auz O Aug
3 0 0 0 0 wug —us Aus —Aug 0 Augz —Aup O
0 0 0 —ug 0 uy
0 0 0 us —ugq O
Type ‘Rk‘Matrlx
0 ug —us 0 Aug + u3 —Aup — u2
—ug 0 ug —Aug — usz 0 Aug + ug
T(2) us —ug 0 Aus + ug —Aug — ul 0
10,A 6 0 Aug + ug —Aus — ug 0 (A% + Dug + Aug (=A% — Dus — Aug
—Aug — ug 0 Aug + uq 7(>\2 + 1)ug — Aug 0 (A2 + 1)ug + Aug
Aug + up —Aug — ug 0 (A% 4+ Dus + Aug —(A% + Duyg — Aug 0
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Table 3: Matrices associated to forms

of rank 7.

Type |Matrix Type | Matrix
0 w3 —ugz uy O 0 —ug 0 w3 —uz us —ug uy —ug
—u3z 0 uy 0 0 0 0 —u3z 0 uy 0 0 0 0
ug —up O 0 0 0 0 ug —up O 0 0 0 0
T5 w7 0 0 0 wug —us up T8 —u5 0 0 0 w; 0 O
0 0 0 —ug O Uy 0 Uy 0 0 —u; O 0 0
0 0 0 us —ug O 0 —uy O 0 0 0 0 uq
Ug 0 0 —u; O 0 0 ug 0 0 0 0 —u; O
0 —us —ug —u7y uz U3z uUg 0 u3 —u uy 0 0 —uy
us 0 —wugq uz —ui; O 0 —u3z 0 uy 0 uy 0 —us
ug U4 0 —uz2 0 —wu; O uy —uyp O 0 0 uy —ug
T6 u7y —uz ug 0 0 0 —up T9 —uy O 0 0 ug —us Ul
—u2 wl 0 0 0 0 0 0 —uy 0 —wg O Uug U
—u3z 0 uy 0 0 0 0 0 0 —u7 us —ug O u3
—ug O 0 ul 0 0 0 ug us ug —ul —uz —uz 0
0 0 0 wug wuy —uq4 —us 0 uz —uy  uft Aug —Aus —ug
0 0 0 wus —ug O 0 —ug 0 uyp —Aug O Aug 0
0 0 0 0 0 wuy —ug (1) uy  —up 0 Aus —Aug O 0
T7 —ug —us O 0 w2 wup 0 Tll 2 —u7 Aug —Aug O Aug —Aug uj
—u7 ug 0 —uz O 0 uq ’ —Aug O Aug —Auz O Auq 0
uyg 0 —uy —u; O 0 wug Aus —Aug O Aug —Auy 0 0
us ug 0 —uj; —ugz O ug 0 0 —uy 0 0 0
Type ‘Matrlx
0 ug —up w7 Aug + ug —Aus — ug —ug
—ug 0 Uy —Aug — ug 0 Aug + uy 0
(2) us —uy 0 Aus + ug —Aug — uq 0 0
T —uy7 Aug + u3z —Aus — ug 0 ()\2 + 1)ug + Aug (—>\2 — 1Dus — Aug uj
11L,A —Aug — usg 0 Aug + uy 7()\2 + 1)ug — Aus 0 ()\2 + 1ug + Aug 0
Augs + w2 —Aug — uqp 0 (A2 + Dus + Aug —(A% 4+ Duyg — Aug 0 0
ug 0 0 —uq 0 0 0
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Table 4: Description of the geometries of poles associated to forms of rank up to 6.

Type | Poles Upper radical
Ty [PG(V)||z,ylhe =0, |z,ylis = 0, |z,yles = 0.
Ty PG(V)||x,yli2 =0, |x,yl13 =0, |z,y|15 = 0,
|z, yl1a = 0, |2, Y|z + |2, y|ss = 0.
T3 PG(V) |x,y|12 =0, ’$,y|13 =0, ’$73/|23 =0,
|z, ylas = 0, |2, y|s6 = 0, |2, y|56 = 0.
Ty [PG(V)|[2,yl26 — 7, yl35 = 0,2, yl16 — |2, yl3a =0

ngg PG(V

~—

79\ PGV

~—

|7, yloa — |2, 9|15 = 0, |2, y|2g = 0,

|:I:,y|13 =0, ’flf>y|12 =0.

|z, ylas + M|z, yls6 = 0, |2, y|2e — |2, yls5 =0

|z, y|13 + M@, ylas =0, |2, y|16 — |2, y|sa =0

|7, yl12 + Az, ylas = 0, |2, y|i5s — |2, y[2a = 0

|z, yl26 — |7, yl35 + Az, y|s6 = 0,

—|2, yl6 + |2, ylsa — Az, ylse = 0,

|2, ylis — |, yl2a + Al2, ylas = 0,

|2, ylas + Az, ylas — Az, ylss + (A + 1) |2, ylss = 0,
—[z,ylz — M2, ylis + Az, ylaa — (1+ A |2, ylas = O,
|7, yl1o + AN, ylis — Az, yloa + (14 A2) |z, y|4s = 0.
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Table 5: Description of the geometry of poles associated to forms of rank 7.

Type Poles Upper radical

Ts r1ry =0 |z, yl2s + |z, y|a7 = 0, |2, y[13 = 0, |2, y|12 = 0,
|z, yls6 — |z, ylir = 0, |2, y|1a = 0, |2, y[ss = O,
|2, ylas = 0

Ts 2t =0 2, Ylos + |7, yl36 + 7, ylar = 0, |2, y[14 = 0,
2, ylis — |2, ylaa = 0, |2, ylie + |2, y[24 = 0,
|z, ylhir — |2, yl2s = 0, |2, y[12 = 0, |z, y|13 = 0.

T 527 + 1406 = 0 |z, ylae + |z, y|s7 = 0, |2, ylss = 0, |2, yler = 0,
|z, Y16 + |7, yl2s = 0, |2, y|oa — |2, 9|17 = 0,
|z, yl1a — |7, yl37 = 0, |2, y|15 + |7, y|ss = 0.

T3 23 =0 |z, ylos + |, y|as + |2, yler = 0, |2, y|13 = 0,
|z, yl12 = 0, |2, y|1a = 0, |2, y]15 = 0,
‘5573/‘16 =0, ‘%y‘n = 0.

Ty |2 — w326 — Tos — 2104 = O||2,ylos + |2, ylar = 0, |2, y[57 — |z, y|13 =0

1
Tiih

2
Tith

2 .2
Ay —ax7 =0

T3+ A\vyry + 23 =0

|z, Yyl + |7, yler = 0, |2, y|s6 — |2, yl17 = 0
|2, ylor + |7, ylas = 0, |2, y|ss — |2, yl37 = 0
|z, yl1a + |2, yl2s5 + |2, y[36 = 0.
|z, ylis + Az, ylas = 0, [z, yl12 + M|z, ylss = 0
|2, yl2s + |2, Ylar + M|z, ylse = 0, |2, y|1a = 0,
—|z, yli7r + M|z, yl2s — |7,yl35) = 0,
|z, yl15 — |7, yl2a = 0, |2, yl16 — |7, y[34 = 0.
|z, yl26 — |7, yl35 + |7, ylar + Az, y[s6 = O,
|z, yli6 — |7, yl34 + A7, ylas = 0, ]2, 9|14 = 0,
|2, ylis — |2, yl2a + Az, ylas = 0,
|z, ylir — |2, ylas — M|z, ylas — |2, yl35)—

(A2 +1)|x,y|s6 = 0,
|z, yl13 + A2, yls — [, ylza)+

+()\2 -+ 1)|LL’, y|46 = 0,
|z, yli2 + Az, ylis — Al@, ylas+

+()\2 + 1)|l‘, y|45 = 0
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